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A Unified Program for Phase Determination, Type 2P,

By J.KArRLE AND H. HAuPTMAN
U.S. Naval Research Laboratory, Washington 25, D.C., U.S. 4.

(Received 9 January 1959)

The unified program for phase determination, valid for all the space groups and both the equal
and unequal atom cases, is continued here. The present paper is concerned with the centrosymmetric
space groups comprising type 2P;. A detailed procedure for phase determination is described for

this type.

1. Introduction

This is the third in a series of papers initiated by us
(Karle & Hauptman, 1959, hereafter referred to as
1P). The application of the new probability methods,
based on the Miller indices as random variables, is
made here to the space groups of type 2P; (Hauptman
& Karle, 1959). This type consists of the four space
groups Immm, Ibam, Imma and Ibca of the ortho-
rhombic system. Although these space groups are
conventionally body-centered, they are referred, in this
paper, to the primitive unit cell as defined in our paper
on the seminvariants (Hauptman & XKarle, 1959).
Also listed in the latter paper is a set of coordinates
for each space group. This is equivalent to choosing
the functional form for the structure factor which is
employed in the present paper. A detailed procedure
for phase determination in the space groups of type
2P, will be presented which utilizes the same general
formula and, at the same time, makes use of relation-
ships among the structure factors characteristic of
each space group.

2. Notation

The same notation as appears in 1P (1959) is employed
here.

3. Phase determining formulas
3-1. Basic formulas
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3-2. Integrated formulas
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In these formulas p, ¢, 7 and ¢ are restricted to be
positive. Ordinarily they are given values in the range
2-4.

The remainder terms are given in the appendix § 6
and in 1P (1959). Equation (3-1-1) or (3:2-1) serves to
determine the magnitudes of the structure factors | &’
corresponding to the squared structure. By means of
equation (3:1:2) or (3-2-2), the phases of these struc-
ture factors g, may be determined. In the next sec-
tion we describe in detail how these equations are to
be used.

4. Phase determining procedure

It is assumed that the |&,| have been calculated from
the observed intensities. From these, the |&}| are
obtained by applying (3-1-1) or (3-2-1). In fact the
|&y| so computed may be made to cover a range of
reflections extending beyond that of the original set
of observations. We are here concerned only with the
larger |&n| and it is the phases of these whose values
are to be determined. In the application of (3-1-2) or
(3-2-2), the values of some |&y | may be required.
These may be estimated from the corresponding |&y|
or |&y| or calculated from (3:1:1) or (3-2:1) in which
& is replaced by & and & by &', given sufficient
data.

In the phase determining procedures to be described,
it will be seen that the first steps concern the applica-
tion of (3:1:2) or (3:2-2) with choices of indices which
take full advantage of the space group symmetry. The
final step is in the form of a general application which
is the same for all the space groups.

The specification of the origin is carried out in
conformance with the seminvariant theory previously
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developed (Hauptman & Karle, 1953, 1959). Origin _"f
specification in all space groups of a given type is the s
same. Thus, the specification for space group Immm a3
serves as a model for the remaining ones of type 2P,. A N _ _
In type 2P,, the phases @ui, which are structure TS 3 I T
seminvariants, are of the form 4 =k =1 (mod 2). In = & T m W m
other words %, k£ and ! are either all odd or all even. A ']I‘] T n
This means that once the functional form for the g8 =E e - =
structure factor has been chosen, the values of these ) £ ITIe
phases are uniquely determined by the intensities 53 + +
alone. It is of interest to note, in the procedures to ] = :% f‘rg.
follow, how a single equation, (3-1-2) or (3-2-2), used -§ 2 - =
in conjunction with relationships among the structure RSP NA
factors, characteristic of the particular space group T AR gl
and the chosen functional form for the structure factor, © g :. ;L' Il’
does, in fact, lead to unique values for the structure 2EE == & ~ _
seminvariants. g é ﬁ ;(lf A é’ 1 PR
& @ T E 7 = n =
4-1. Orthorhombic system, I-centered i ﬁ g = = Tﬁ N : L :
We are concerned here with space groups Immm, El § 2, éi‘ﬁ_ =
Ibam, I'mma and Ibca.* The six special choices for - £ g ~ P_T_N“
h; and h,, in addition to h, = h,, are shown in the 2 T . §|§
first two rows of Table 1. By means of the first of these 2 5o e
choices, hy = (hy, ky, h+E) and hy = (h+FRy, h+Fy, k), £ 3 £ TS
equation (3-1-2) or (3:2:2) yields the value of Tso 23
&1 1y, he iy S multiplied by the numerical coefficient 8= igi i b
given in the second column of Table 1. For example, 2EE =2
for Ibam, the relationship &y = (—1)"** &5, 7 7 fol- - &= Soem 3 = =
lowing from the chosen functional form for the struc- 2 & & = I § —~ & ~ s
ture factor, gives rise to the entry (—1)2*# in column saf5 %Y T ¥ & 3 o=
2, Table 1 for Ibam. In this way the value of the H % gj’*é i ff_ <) 1 <
phase @j;, is determined. Since %, and k, may be ° TE s
chosen arbitrarily, gy, may possibly be determined ne8 =
in many ways. As always, the computations are per- &0 2 :"f_ <
formed for the larger values of |&;2 &yl 304 3
The remaining choices for h, and h, of Table 1 3 %"g e
yield, in a similar way, the values of @74, @ivi @ik e go 2= - . .
@i and @;7. The entries in this table are the co- 2 gE & .. OO
efficients of &4 &) which occurs on the left side of £a34 -7 T35 =
(3:1-2) or (3-22). In general h;, k;, and !, may be 252 W& 1
chosen arbitrarily, permitting the possible use of many s § St
combinations of h, and h, for obtaining the value of j= 2 5
a particular phase. \b_';N E o=
We note that the phases obtained from Table 1 are S8E = 3 )
special cases of phases which are seminvariants. By WEA WS - £ s L
the use of these, it is possible to calculate the values of 3 FE & + = 7 =
phases of a general type which are seminvariants, 28 N T L
@nir(h = k =1 (mod 2)). This is accomplished by means g I~ =
of the entries in Table 2, in which @nr1 is a general £ 3 R
seminvariant. It is to be noted that (3-1:2) or (3-2-2) s& f== z g
now yields the value of &y, &y, E'ny1py Where &, and g8 L —~ ;”\ — =
&'n, are assumed to have been found by use of Table R + n + =
1. Again, k,, k, and [, in columns 5, 6 and 7 of Table 2 < - L
are arbitrary, but limited by the set of previously ﬁliki
determined phases. ke T = =
For the purpose of specifying the origin, a linearly -_f B § T § 0 ~§ . "g
_—_— r S $S 5% £ 83
* The discussion to follow is equally valid for the four = 'ﬁ § E §, §, é 9’, § §
supergroups included in Tables 1 and 2. = AR R AR R
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_v_f - semi-independent pair of phases ¢, and ¢ having
o~ large correspondmg (&7, is chosen. The values (0 or 7)
=~ of ¢, and g, are then specified arbitrarily, thus fixing
sy T the origin. Systematic application of equation (3-1-2)
I or (3:2-2) then permits the determination of the phases
I @p of all the remaining &Y, of interest, using previously

~Ts determined or specified phases as necessary.
2 - An example of a linearly semi-independent pair of
! W phases is ¢,,, and @,,, (9 = even, u = odd). We recall
o ~ that phases of the type ¢,,, and @,,, may be obtained
£ it directly from the intensities before an origin specifica-
> < tion has been made. Additional phases are obtainable
,?:; R & from these by suitable choice of h; and h, in (3-1-2)
= Y < or (3-2-2). It is readily seen that any phase is acces-
= T~ sible, once the origin specification has been made.
B — This follows from the fact that, starting with the
g T specified phases and those of the form ¢, and @,,.,
& i it is possible to express an arbitrary vector h (whose
'y = components have any parity) in the form h1+h2,

1
he

! (mod 2)), the general seminvariant phase, may be inferred. This requires a knowledge of @y, and @y, which

may be obtained by use of Table 1. Thus, this list has a particular significance for the eight space groups included in Table 1.

. Where on, and @p, are known. For exa,mple, (ph =

Ry,

= Prug 1s obtalna,ble from suitable phases (I’hl = %uu
T and @n, = @, where h = h +h,. Agam, <Ph = Qg
<+ S is obtalnable from suitable phases ¢p, = (,1/;,“,y and
®hy = Pgup» Where h = h, +h,. The remaining types
| ugu and guu are smnlarly obtalned
5. Concluding remarks
oy

This paper should be read in conjunction with 1P
(1959), in which the symbols are defined and general
remarks are made which are applicable to all the space
groups.

Tables 1 and 2 contain the main choices of interest

Table 2

A list of h; and h, to be inserted into (3-1:2) or (3:2-2) in order to obtain the product é'l;lé'

h,

HR+E), J(R+k), 1+ 3(h+k) | Rty kthy, E+Ry

Hh+E), 3(htk), (R4E)

== among hy, h, and h = h,+h, for space groups of type
by g ~ 2P;. In addition, these choices are also valid for four
g of the supergroups of type 3P,, to be treated further
= in a subsequent paper.
f I The phase determining procedures offer many ways
e e S to calculate the value of a particular phase. This
~ % feature, together with the fact that the calculation of
28 the right sides of (3-1-2) and (3-2:2) should yield not
II< only the sign of the left side, but also its magnitude,
gy serves as a good internal consistency check as the

phase determination proceeds.
The calculation of an 2 map, in the case of unequal

TF
'ﬁ S atoms, may be a particularly useful adjunct to the
= 28 procedure, since it exaggerates the Patterson peaks
~
38 tis arising from the heaviest atoms.
o =22
iy L=
2E <% .
- 2 6. Appendix
=3

The correction terms for the formulas listed in § 3
are given here and in 1P (1959). As a general rule,
for larger N, these terms make a very small contribu-
tion. In any specific instance, the investigator can
judge their importance for himself.

We define:

1

hz
h,+h,

h=
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1/2
08 1t
¢l 0 = s (Ervrner, i+ éah+l il et gk+l el k)
4
é/
+g—4) & éa"'————
0,0,1/2(pq ) h©@hn 40,§

x ((p—2)(p—4)+(¢—2)(q—4)) &

S (prg—4)+ 5 ((p—2)(g—2)

) O,
0,0, 1662
+2(p—-2)(p—4)+2(¢—-2)(g-4)+...,

(6-1)

ol
=-—((T 2) Ery+ (p—2) sy

+(2—2) Exiny) +01 (6:2)

where

1
g

9, = — —a & hl(@@ hy+hotko, hotky+ke, hot+ka+ly
4

rre

& & hy o habin, Fatky T, hatiabin

+ éahl +ko+lz, k1+ho+z, k2+ll+lz)
P

I2
rre
G4 éahz (gh1+h2+k1, hi+k1+ke, hitki+l2
+ Ehy thatty, Taka by, bt Ha
ree

F C ot By 4 oy byt ko, krbiy 412)

g3 ey
- p éah1+h2(éah1+7cz,722+k1, hotke+i1+le
4
‘e
+ 6 bt hotbr Hhatin, oty

1t
+ éah1+h2+k2+12, k1+lz, k2+l1)+ v (6-3)

Next we define (where C,(t) is replaced by Chr):
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1/2

’ a 1rr rrs
ofls,0 = — . (G nik, Tk + Ener, il s+ Eit ket k)
40'8 rre
+ oo (20— Ca) 6463 — 55
% (8C, —6Cy+Cy) &h
40'6
" C,0,0, 6-Co)+ 15 1602 o2
x ((20,—C,)2+4C,(8C,—6C,+C N +. ..,
(6-4)
and
1/2
, o
¢Bs0=cr— (201 Co) (6 + 6+ Exliny)+01 . (6:5)

For the space groups Immm, Ibam, Imma and Ibca,
we have

Ry o= 1Ro g+eRyo+..., (6-6)
Ry o= 1B 0+eRs0+..., (6-7)
Rso=1B; o+6Bs 0+, (6-8)
R30=1R30+6Bs5 0+, (6-9)

where R, o, 1Rs 0, 1Bs,0 and Ry, are defined in 1P
(1959).

The remainder terms in the basic formulas are
especially simple for the special case, p =g =7r = 2.
For this case, the formulas reduce to those obtainable
by the algebraic methods proposed by us (1957).
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